Fixed points of quantum gravity
Article (Unspecified)

Litim, D.F. (2004) Fixed points of quantum gravity. Physical Review Letters, 92. p. 201301. ISSN
1079-7114
This version is available from Sussex Research Online: http://sro.sussex.ac.uk/1646/
This document is made available in accordance with publisher policies and may differ from the
published version or from the version of record. If you wish to cite this item you are advised to
consult the publisher’s version. Please see the URL above for details on accessing the published
version.

Copyright and reuse:
Sussex Research Online is a digital repository of the research output of the University.
Copyright and all moral rights to the version of the paper presented here belong to the individual
author(s) and/or other copyright owners. To the extent reasonable and practicable, the material
made available in SRO has been checked for eligibility before being made available.
Copies of full text items generally can be reproduced, displayed or performed and given to third
parties in any format or medium for personal research or study, educational, or not-for-profit
purposes without prior permission or charge, provided that the authors, title and full bibliographic
details are credited, a hyperlink and/or URL is given for the original metadata page and the
content is not changed in any way.

http://sro.sussex.ac.uk

CERN-TH-2003-299, SHEP 03-32

Fixed points of quantum gravity
Daniel F. Litim
Theory Division, CERN, CH-1211 Geneva 23
and School of Physics and Astronomy, University of Southampton, Southampton SO17 1BJ, U.K.
(Daniel.Litim@cern.ch)
Euclidean quantum gravity is studied with renormalisation group methods. Analytical results for
a non-trivial ultraviolet fixed point are found for arbitrary dimensions and gauge fixing parameter in
the Einstein-Hilbert truncation. Implications for quantum gravity in four dimensions are discussed.
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Classical general relativity is acknowledged as the
theory of gravitational interactions for distances sufficiently large compared to the Planck length. At smaller
length scales, quantum effects are expected to become
important. The quantisation of general relativity, however, still poses problems. It is known since long that
quantum gravity is perturbatively non-renormalisable,
meaning that an infinite number of parameters have
to be fixed to renormalise standard perturbation theory. It has been suggested that Einstein gravity may
be non-perturbatively renormalisable, a scenario known
as asymptotic safety [1]. This requires the existence of
a non-trivial ultraviolet fixed point with at most a finite number of unstable directions. Then it would suffice to adjust a finite number of parameters, ideally taken
from experiment, to make the theory asymptotically safe.
Non-perturbative renormalisability has already been established for a number of field theories [2].
The search for fixed points in quantum field theory
calls for a renormalisation group study. A particularly
useful approach is given by the Exact Renormalisation
Group, based on the integrating-out of infinitesimal momentum shells within a path integral representation of
the theory [3]. The strength of the method is its flexibility
when it comes to approximations. Furthermore, general
optimisation procedures are available [4], increasing the
domain of validity and the convergence of the flow. Concequently, the reliability of results based on optimised
flows is enhanced [5].
For Euclidean quantum gravity the Exact Renormalisation Group has been made accessible by Reuter [6].
Explicit flow equations have been constructed using background field techniques [6, 7, 8]. Diffeomorphism invariance under local coordinate transformations is controlled
by modified Ward identities, similar to those known for
non-Abelian gauge theories [9]. In general, methods originally developed for gauge theories [10], with minor modifications, can now be applied to quantum gravity.
So far most studies have been concerned with the
√
Einstein-Hilbert truncation based on the operators g
√
and g R(g) in the effective action, where g is the determinant of the metric tensor gµν and R(g) the Ricci
scalar. In four dimensions, the high energy behaviour of
quantum gravity is dominated by a non-trivial ultraviolet
fixed point [7, 11, 12], which is stable under the inclusion

of R2 (g) interactions [8] or non-interacting matter fields
[13]. Further indications for the existence of a fixed point
are based on dimensionally reduced theories [14] and on
numerical studies within simplicial gravity [15]. For phenomenological applications, see [16].
In this Letter, we study fixed points of quantum gravity in the approach put forward in [6], amended by an
adequate optimisation [4, 5]. The main new result is the
existence of a non-trivial ultraviolet fixed point in the
Einstein-Hilbert truncation in dimensions higher than
four, a region which previously has not been accessible.
Analytical results for the flow and its fixed points are
given for arbitrary dimension. The optimisation ensures
the maximal reliability of the result in the present truncation, thereby strengthening earlier findings in four dimensions. Implications of these results are discussed.
The Exact Renormalisation Group is based on a momentum cutoff for the propagating degrees of freedom
and describes the change of the scale-dependent effective
action Γk under an infinitesimal change of the cutoff scale
k. Thereby it interpolates between a microscopic action
in the ultraviolet and the full quantum effective action in
the infrared, where the cutoff is removed. In its modern
formulation, the renormalisation group flow of Γk with
the logarithmic scale parameter t = ln k is given by

−1
(2)
∂t Γk = 12 Tr Γk + R
∂t R .

(1)

The trace stands for a sum over indices and a loop integration, and R (not be confused with the Ricci scalar)
is an appropriately defined momentum cutoff at the momentum scale q 2 ≈ k 2 . For quantum gravity, we consider
the flow (1) for Γk [gµν ] in the Einstein-Hilbert truncation, retaining the volume element and the Ricci scalar
as independent operators. Apart from a classical gauge
fixing, the effective action is given by
Z

1
√ 
Γk =
dd x g −R(g) + 2λ̄k .
(2)
16πGk
In (2) we have introduced the gravitational coupling constant G and the cosmological constant λ̄. The Ansatz (2)
differs from the Einstein-Hilbert action in d Euclidean
dimensions by the fact that the gravitational coupling
and the cosmological constant have turned into scale-

2
dependent functions. This is a consequence of the momentum cutoff, expressed in (1). We introduce dimensionless renormalised gravitational and cosmological constants gk and λk as
−1
gk = k d−2 Gk ≡ k d−2 ZN,k
Ḡ

λk = k −2 λ̄k

(3)

Ḡ and λ̄ denote the unrenormalised Newtonian coupling
and cosmological constant at some reference scale k =
Λ, and ZN,k denotes the wave function renormalisation
factor for the Newtonian coupling. Their flows follow
from (1) by an appropriate projection onto the operators
in (2). A scaling solution of the flow (1) in the truncation
(2) corresponds to fixed points for the couplings (3).
Explicit momentum cutoffs have been provided for the
fluctuations in the metric field in Feynman gauge [6],
and for its component fields in a traceless transverse decomposition in a harmonic background field gauge with
gauge fixing parameter α [7]. In either case the tensor structure of the regulator is fixed, while the scalar
part is left free. Here, we employ the optimised cutoff
Ropt = (k 2 − q 2 ) θ(k 2 − q 2 ) for the scalar part [4, 5].
In the setup (1) – (3), we have computed the flow equation for arbitrary α and arbitrary dimension. To simplify
the notation, a factor 1/α is absorbed into the definition
(3). Below we present explicit formulæ only for the limit
α → ∞ where the results take their simplest form. The
general case is discussed elsewhere. The β-functions are
βλ ≡ ∂t λ =

P1
P2 + 4(d + 2)g

βg ≡ ∂t g = (d − 2 + η)g =

(d − 2) g P2
P2 + 4(d + 2)g

(4)

βg =

(1 − 4dg)(d − 2)g
.
1 + 2(2 − d)g

(6)

The flow (6) displays two fixed points, the Gaussian one
at g = 0 and a non-Gaussian one at g∗ = 1/(4d). In
the vicinity of the non-trivial fixed point for large k, the
gravitational coupling behaves as Gk ≈ g∗ /k d−2 . This
behaviour is similar to asymptotic freedom in Yang-Mills
theories. The anomalous dimension of the graviton (5)
remains finite and ≤ 0 for all g between the infrared and
the ultraviolet fixed point, because gk ≤ g∗ < gbound(0)
for all d > −2 and gΛ ≤ g∗ . At the fixed point, universal
observables are the eigenvalues of the stability matrix
at criticality, i.e. the critical exponents. The universal
eigenvalue θ is given by ∂βg /∂g|∗ = −θ. We find
θG = 2 − d ,

θNG = 2d

d−2
d+2

(7)

for the Gaussian (G) and the non-Gaussian (NG) fixed
point, respectively. The eigenvalues at criticality have
opposite signs, the Gaussian one being infrared attractive
and the non-Gaussian one being ultraviolet attractive.
They are degenerate in two dimensions. Away from the
fixed points, the flow (6) can be solved analytically for
arbitrary scales k. With initial condition gΛ at k = Λ,
the solution gk for any k is

with polynomials P1,2 (λ, g; d)
P1 = −16λ3 + 4λ2 (4 − 10d g − 3d2 g + d3 g)
+4λ(10d g + d2 g − d3 g − 1)
+d(2 + d)(d − 16 g + 8d g − 3) g

P2 = 8(λ2 − λ − d g) + 2 .

A numerical factor cd = Γ( d2 + 2) (4π)d/2−1 originating
mainly from the momentum trace in (1), is scaled into the
gravitational coupling g → g/cd , unless indicated otherwise. The graviton anomalous dimension is given by
(d − 2)(d + 2) g
η=
.
(d − 2)g − 2(λ − 12 )2

gbound(λ) ≡ (2λ − 1)2 /(2d − 4) derived from 1/η = 0. It
signals a breakdown of the truncation (2). Some trajectories terminate at g ≈ gbound . The boundary is irrelevant
as soon as the couplings enter the domain of canonical
scaling: the limit of large |λ| implies that βλ = −2λ and
βg = (d − 2)g modulo subleading corrections. This entails η = 0. Then the flow is trivially solved by gk =
gΛ (k/Λ)d−2 and λk = λΛ (k/Λ)−2 , the canonical scaling
of the couplings as implied by (3). Here, Λ denotes the
momentum scale where the canonical scaling regime is
reached. In the infrared limit g/gbound(λ) ∼ (k/Λ)d+2
becomes increasingly small for any dimension.
In the remaining part, we discuss the fixed points of (4)
and their implications. A first understanding is achieved
in the limit of vanishing cosmological constant, where the
flow for the dimensionless gravitational coupling is

(5)

It vanishes for vanishing gravitational coupling, in two
and minus two dimensions, or for diverging λ. On a nontrivial fixed point the vanishing of βg implies η∗ = 2 − d,
and reflects the fact that the gravitational coupling is
dimensionless in 2d. This behaviour leads to modifications of the graviton propagator at large momenta,
e.g. [7]. The flows (4) are finite except on the boundary



gk
gΛ

−1/θG 

g∗ − gk
g∗ − gΛ

−1/θNG

=

k
.
Λ

(8)

and g∗ , θG and θNG as given above. Fig. 1 shows
the crossover from the infrared to the ultraviolet fixed
point in the analytic solution (8) in four dimensions (and
with c4 in g reinserted). The corresponding crossover
momentum scale is associated with the Planck mass,
MPl = (G)−1/2 . More generally, (8) is a solution at
λ = 0 for arbitrary gauge fixing parameter and regulator. In these cases, the exponents θ and the fixed point
g∗ turn into functions of the latter. It is reassuring that
the eigenvalues only display a mild dependence on these
parameters.
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Fig. 1: Running of couplings according to (6), (8).

λ∗ =

(9)

In (9), we have reinserted the numerical factor cd . The
solutions (9) are continuous and well-defined for all d ≥
d+ ≈ 2.56 and become complex for lower dimensions.
The critical exponents associated to (9) are derived from
the stability matrix at criticality. In the most interesting
case d = 4, the two eigenvalues
√ are a complex conjugate
pair θ± ≡ θ′ ± iθ′′ = (5 ± i 167)/3, or
θ′′ = 4.308 .
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Fig. 2: The separatrix in four dimensions.

Now we proceed to the non-trivial fixed points implied
by the simultaneous vanishing of βg and βλ , given in (3).
A first consequence of P2 = 0 is g∗ = (λ∗ − 12 )2 /d, which,
when inserted into P1 /g∗ = 0, reduces the fixed point
condition to a quadratic equation with two real solutions
√ 
(λ∗ , g∗ ) 6= 0 as long as d ≥ d+ , where d± = 21 1 ± 17 .
The two branches of fixed points are characterised by
λ∗ being larger or smaller 12 . The branch with λ∗ ≥ 21
displays an unphysical singularity at four dimensions and
is therefore discarded. Hence,

θ′ = 1.667 ,

0

λ

ln(k/MPl )

p
d2 − d − 4 − 2d(d2 − d − 4)
2(d − 4)(d + 1)
d
2Γ( 2 + 2)(4π)d/2−1 2
g∗ =
λ∗ .
d2 − d − 4

gbound

crossover region
(k ∼ MPl )

(10)

More generally, the eigenvalues remain complex for all
dimensions 2.56 < d < 21.4. In d = 4, and for general gauge fixing parameter, the eigenvalues vary between
θ′ ≈ 1.5 − 2 and θ′′ ≈ 2.5 − 4.3. The range of variation
serves as an indicator for the self-consistency of (2). The
result (10) and the variation with α agree well with earlier findings based on other regulators [7, 11]. In the
approximation (6), which does not admit complex eigenvalues, the ultraviolet eigenvalue reads θNG = 8/3 in 4d.
Both θNG and θ′ agree reasonably well with the critical eigenvalue θ ≈ 3 detected within a numerical study
of 4d simplicial gravity with fixed cosmological constant
[15]. In view of the conceptual differences between the
numerical analysis of [15] and the present approach, the
precise relationship between these findings requires further clarification. Still, the qualitative agreement is very
encouraging.

Next, we discuss the main characteristics of the phase
portrait defined through (4). Finiteness of the flow implies that the line 1/η = 0 cannot be crossed. Slowness of
the flow implies that the line η = 0 can neither be crossed:
in its vicinity, the running of g is βg = (d − 2)g + O(g 2 ),
and the gravitational coupling approaches g = 0 without
ever reaching (nor crossing) it for any scale k. Thus, disconnected regions of renormalisation group trajectories
are characterised by whether g is larger or smaller gbound
and by the sign of g. Since η changes sign only across
the lines η = 0 or 1/η = 0, we conclude that the graviton
anomalous dimension has the same sign along any trajectory. In the physical domain which includes the ultraviolet and the infrared fixed point, the gravitational coupling is positive and the anomalous dimension negative.
In turn, the cosmological constant may change sign on
trajectories emmenating from the ultraviolet fixed point.
Some trajectories terminate at the boundary gbound(λ),
linked to the present truncation (cf. Fig. 2). The two
fixed points are connected by a separatrix. In Fig. 2,
it has been given explicitly in four dimensions (with the
factor c4 in g reinstalled). Integrating the flow starting in
the vicinity of the ultraviolet fixed point and fine-tuning
the initial condition leads to the trajectory which runs
into the Gaussian fixed point. The rotation of the separatrix about the ultraviolet fixed point reflects the complex
nature of the eigenvalues (10). At k ≈ MPl , the flow displays a crossover from ultraviolet dominated running to
infrared dominated running. For the running couplings
and η this behaviour is displayed in Fig. 3. The nonvanishing cosmological constant modifies the flow mainly
in the crossover region rather than in the ultraviolet. A
similar behaviour is expected for operators beyond the
truncation (2). This is supported by the stability of the
fixed point under R2 (g) corrections [8], and by the weak
dependence on the gauge fixing parameter. In the infrared limit, the separatrix leads to a vanishing cosmological constant λ̄k = λk k 2 → 0. Therefore, it is interpreted as a phase transition boundary between cosmologies with positive or negative cosmological constant at
large distances. This picture agrees very well with numerical results for a sharp cut-off flow [12], except for
the location of the line 1/η = 0 which is non-universal.
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Fig. 3: Running of couplings along the separatrix.

Finally, we note that the qualitative picture detailed
above persists in dimensions higher than four. Therefore
quantum gravity in higher dimensions may well be formulated as a fundamental theory. This consideration is also
of interest for recent phenomenological scenarios based
on gravity in extra dimensions. In higher dimensions,
higher dimensional operators beyond the truncation (2)
are likely to be more relevant than in lower ones. Consequently, the projection of the full flow onto the EinsteinHilbert truncation (2) and the respective domain of validity are more sensitive to the cutoff. A first analysis for
specific cutoffs in d > 4 has revealed that the fixed point
exists up to some finite dimension, where λ∗ reached the
boundary of the domain of validity [12]. No definite conclusion could be drawn for larger dimensions. Based on
an optimised flow, the main new result here is that a nontrivial ultraviolet fixed point exists within the domain of
validity of (4) for arbitrary dimension. Furthermore, the
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