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Observational constraints on braneworld chaotic inflation

Andrew R. Liddle and Anthony J. Smith
Astronomy Centre, University of Sussex, Brighton BN1 9QJ, United Kingdom

~Received 2 July 2003; published 11 September 2003!

We examine observational constraints on chaotic inflation models in the Randall-Sundrum type II brane-
world. If inflation takes place in the high-energy regime, the perturbations produced by the quadratic potential
are further from scale invariance than in the standard cosmology, in the quartic case more or less unchanged,
while for potentials of greater exponent the trend is reversed. We test these predictions against a data compi-
lation including the Wilkinson Microwave Anisotropy Probe measurements of microwave anisotropies and the
two degree field galaxy power spectrum. While in the standard cosmology the quartic potential is at the border
of what the data allow and all higher powers excluded, we find that in the high-energy regime of braneworld
inflation even the quadratic case is under strong observational pressure. We also investigate the intermediate
regime where the brane tension is comparable to the inflationary energy scale, where the deviations from scale
invariance prove to be greater.

DOI: 10.1103/PhysRevD.68.061301 PACS number~s!: 98.80.Cq

I. INTRODUCTION

Braneworld cosmology has opened up a possible new
phenomenology for the cosmology of the early Universe.
Amongst the ideas presently under investigation, which are
nicely reviewed in Ref.@1#, are the ekpyrotic and cyclic uni-
verses@2#, where the big bang may be due to a collision of
branes, and various incarnations of braneworld inflation,
where the scalar field may be associated with the distance
between branes@3#, or may be a bulk field@4#, or may live on
the brane@5#. In this paper we explore the simplest and most
conservative scenario, based on the Randall-Sundrum type II
model @6# where there is a single brane upon which the in-
flaton lives. In this scenario the detailed form of the pertur-
bations produced by a given inflationary potential is modi-
fied because the Friedmann equation is modified at high
energy, and because the gravitational wave perturbations are
able to penetrate the bulk dimension.

Recently, driven by the announcement of first results from
the Wilkinson Microwave Anisotropy Probe~WMAP! satel-
lite @7#, the global cosmological dataset has reached a level
where it is able to significantly constrain inflationary models
based on the predicted perturbations. Our aim in this paper is
to capitalize on this by obtaining observational constraints on
some simple braneworld inflation models. We use the re-
cently published constraints of Leach and Liddle@8#, who
used a compilation of microwave anisotropy data plus the
two degree field~2dF! galaxy power spectrum to obtain con-
straints on the inflationary slow-roll parameters. These re-
sults are directly applicable also to the braneworld case and
so we do not need to repeat a data analysis process.

II. BASIC FORMULAE

We follow the notation set down by Liddle and Taylor@9#.
In the Randall-Sundrum type II model@6# the Friedmann
equation receives an additional term quadratic in density
@10#. The Hubble parameterH is related to the energy density
r by

H2
5

8p

3M 4
2
rS 11

r

2l
D , ~1!

whereM 4 is the four-dimensional Planck mass andl is the
brane tension. We have set the four-dimensional cosmologi-
cal constant to zero, and assumed that inflation rapidly
makes any dark radiation term negligible. This reduces to the
usual Friedmann equation forr!l. If the Universe is domi-
nated by a scalar fieldf with potentialV(f), we can use the
slow-roll approximation to write this as

H2.
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VS 11

V
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The scalar field obeys the usual slow-roll equation

3Hḟ.2V8, ~3!

where the prime indicates a derivative with respect tof, and
the dot indicates a derivative with respect to time. The
amount of expansion, in terms ofe-foldings, is given by@5#
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where f i and f f are the values of the scalar field at the
beginning and at the end of the expansion, respectively.

Using the slow-roll approximation as formulated by
Maartenset al. @5#, the spectra of scalar@5# and tensor
@11,12# perturbations are given by
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where
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and the mass scalem is given by

m5A4p
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The expressions for the spectra are, as always, to be
evaluated at Hubble radius crossingk5aH, and the spectral
indices of the scalars and tensors are defined as usual by

n21[
d ln AS

2

d ln k
, nT[

d ln AT
2

d ln k
. ~9!

If one defines slow-roll parameters, generalizing the usual
ones, by@5#
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then the scalar spectral index, in the slow-roll approximation,
obeys the usual equation

n21.26eB12hB . ~12!

We define the ratio of tensor to scalar perturbations as

R[16
AT

2

AS
2

, ~13!

which means our definition ofR matches that of Ref.@8#,
with R.16eB in the low-energy limit~note however that that
paper also defines a slightly different quantityR10).

III. MODEL PREDICTIONS

We restrict our discussion to potentials of the form

V5mfa, ~14!

where normallya is an even integer andm is a constant.
This includes the popular quadratic and quartic potentials,
which we will explore in particular detail.

In the standard cosmology, the requirement that the per-
turbations have the observed amplitude fixes the normaliza-
tion m of the potential. However, in the braneworld we ad-
ditionally have the brane tensionl. We proceed by takingl
as a free parameter to be varied, and then adjust the normal-
ization of the potential to obtain the correct amplitude of
perturbations for thatl. This fixes the inflationary energy
scale, whose relation to the chosen value ofl then deter-
mines whether we are in the high- or low-energy regime.

With a potential of the above form, settinga>2, the
slow-roll parameters are found to satisfy

1
2 hB<eB<2hB ~15!

for any value ofl. Inflation ends when the slow-roll condi-
tions eB!1 anduhBu!1 are violated. For ease of computa-
tion, we takehB51 to be the condition for the end of infla-
tion, though it would make no significant difference had we
adopted the usualeB51.

The equations simplify significantly in the high- and low-
energy limits, in which we may obtain expressions forn and
R which are independent ofl andm:

n low2152

a12

2N211a
, ~16!

nhigh2152

4a12
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, ~17!

R low5

8a
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, ~18!

Rhigh5
24a

~21a !N211a
. ~19!

In the limit asa tends to infinity, in the high-energy regime
the scalar spectral index tends to

nhigh215

4

N11
, ~20!

which corresponds to steep inflation driven by an exponen-
tial potential@13#. Table I shows some values for particular
models.

In all the following, we assume that the number of
e-foldings before the end of inflation at which observable
perturbations are generated corresponds toN555 @14,15#.
The observational values we will use are defined at about
4 e-foldings within the present Hubble radius@8#. One might
have thought that the number 55 ought to be significantly
modified in the case of lowl because then the reheating and
radiation eras would at least partly take place in the high-
energy regime, giving a different expansion law. However,
the main quantity entering the calculation is the density as a
function of scale factor, rather than of time, which is un-

TABLE I. low- and high-energy limits for scalar spectral index,
n, and ratio of tensor to scalar perturbations,R, for potentials of the
form V}fa. The end of inflation is defined byhB51 and the
number ofe-foldings is taken to be 55.

a n low21 nhigh21 R low Rhigh

2 20.036 20.045 0.144 0.217
4 20.053 20.054 0.283 0.288
6 20.070 20.058 0.417 0.324
8 20.085 20.061 0.547 0.345
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changed, and we find it is a good approximation to take the
number ofe-foldings as independent of the brane tension.

In their paper describing the slow-roll formalism for
braneworld models, Maartenset al. @5# noted that brane-
world corrections tend to drive models towards scale invari-
ance~i.e., smaller values ofR andun21u). While this is true
at a given location on the potential, there is a competing
effect that the location of the potential corresponding to ob-
servable perturbations will be closer to the minimum of the
potential, due to the extra friction from the braneworld term
in the Friedmann equation. The above results show that for
small a this latter effect dominates, moving us away from
scale invariance, whereas for largea it is the former effect
which dominates.

For quadratic and quartic potentials, we have obtainedn
andR as functions of the brane tensionl. This is done first
by finding the value of the scalar field at the end of inflation,
in terms ofm andl, by solvinghB51 for f. Using this, Eq.
~4! for N can be solved to givef55(m,l), wheref55 is the
value of the scalar field 55e-foldings before the end of in-
flation. Finally, the Cosmic Background Explorer normaliza-
tion is imposed, in the formAS5231025 @16#. Equation~5!

for AS
2 , which is evaluated atf5f55, can then be solved

numerically to givem(l). This leavesl as the only free
parameter when determining the predicted perturbations.

Figure 1 shows the results for the quadratic and quartic
potentials. Large and small values ofl correspond to the
low- and high-energy regimes, respectively, with asymptotic
values forn and R matching the analytic expressions~16!–
~19!. In between there is a continuous curve interpolating
between the regimes. However note that the interpolation is
not monotonic; in fact the intermediate regime features
greater departures from scale invariance than either of the
limits.

IV. COMPARISON WITH OBSERVATIONS

Having made predictions forn andR, we are able to com-
pare with observational data directly using the recent analy-
sis of Leach and Liddle@8#, who used a compilation of mi-
crowave anisotropy data including WMAP, plus the 2dF
galaxy power spectrum, to constrain these parameters. Hav-
ing fixed the number ofe-foldings of inflation to 55, a given
model lives at a location in then-R plane, and asl is varied
it traces out a trajectory in that plane interpolating between
low-energy and high-energy values. In reality, the points
should be somewhat blurred to allow for the uncertainty in
determiningN @15#.

In Fig. 2 we show the results for the quadratic and quartic
potentials.1 The end points of the two curves correspond to
the low- and high-energy limits described in the previous
section, and the curves the interpolation between them. For
these potentials, we see that the braneworld moves us further
from scale invariance, an effect which can be particularly
prominent when the brane tension is comparable to the infla-
tionary energy scale.

Figure 3 shows the low- and high-energy limits as a func-
tion of exponenta, beginning ata52. We see that the per-
turbations are much more sensitive toa in the low-energy
limit than in the high-energy limit, and indeed oncea ex-
ceeds four it is the high-energy limit which is closer to scale
invariance. However by this time the models have already
moved into the observationally excluded region. We there-

1This figure differs slightly from Fig. 3 of Ref.@8#; that figure
definedR10 using the ratio of contributions to microwave anisotro-
pies at the tenth multipole, whereas the figures in this paper useR
defined from the ratio of the power spectra.

FIG. 1. Theoretical predictions
for n21 andR againstl for qua-
dratic and quartic potentials. The
models are all normalized to give
the correct perturbation amplitude,
and M 4 has been set to be equal
to 1.

RAPID COMMUNICATIONS

OBSERVATIONAL CONSTRAINTS ON BRANEWORLD . . . PHYSICAL REVIEW D68, 061301~R! ~2003!

061301-3



fore conclude that the observational upper limit ona is
stronger in the braneworld scenario than in the standard cos-
mology, though with present observations the constraint in
each case lies betweena52 and 4, precisely where depend-
ing on how strict an exclusion limit one demands. The quar-
tic potential is however much more strongly excluded in the
intermediate regime than in either of the limits.

Note that the original steep inflation model with an expo-
nential potential@13# gives the same perturbations as in the
high-energy large-a limit. It is therefore comfortably ruled
out by the data, though steep inflation may still be viable
with curvaton reheating@17#.

V. SUMMARY

In this paper we have computed the perturbation spectra
for a set of simple braneworld inflation models with mono-

mial potentials, and confronted them with the current obser-
vational dataset. While naı¨ve expectation might have been
that the braneworld models gave spectra closer to scale in-
variance~as preferred by the data!, we have found that for
small exponents the perturbations are further from scale in-
variance. Accordingly, observational constraints on the expo-
nent are strengthened in the braneworld scenario. While the
quadratic potential is still allowed at two-sigma for any value
of the brane tension, the quartic potential is under strong
observational pressure, particularly in the case where the in-
flationary energy scale is close to the brane tension.
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FIG. 2. Theoretical predictions compared to observational con-
straints for the quadratic and quartic potentials, as a function of the
brane tensionl. The low- and high-energy limits are shown. The
observational contours are one-, two- and three-sigma confidence
levels.
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FIG. 3. As Fig. 2, but now showing the low-energy limit~dotted
line! and high-energy limit~solid line! as functions ofa, for
a>2. We highlight the locations corresponding toa being an even
integer, and the large-a limit in the high-energy case.
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