
Cosmology at the boundary of de Sitter using the dS/QFT 
correspondence

Article  (Unspecified)

http://sro.sussex.ac.uk

Dias, Mafalda (2011) Cosmology at the boundary of de Sitter using the dS/QFT correspondence. 
Physical Review D, 84 (2). 023512-1-023512-10. ISSN 1550-7998 

This version is available from Sussex Research Online: http://sro.sussex.ac.uk/48645/

This document is made available in accordance with publisher policies and may differ from the 
published  version or from the version of record. If you wish to cite this item you are advised to 
consult the publisher’s version. Please see the URL above for details on accessing the published 
version. 

Copyright and reuse: 
Sussex Research Online is a digital repository of the research output of the University.

Copyright and all moral rights to the version of the paper presented here belong to the individual 
author(s) and/or other copyright owners.  To the extent reasonable and practicable, the material 
made available in SRO has been checked for eligibility before being made available. 

Copies of full text items generally can be reproduced, displayed or performed and given to third 
parties in any format or medium for personal research or study, educational, or not-for-profit 
purposes without prior permission or charge, provided that the authors, title and full bibliographic 
details are credited, a hyperlink and/or URL is given for the original metadata page and the 
content is not changed in any way. 

http://sro.sussex.ac.uk/


Cosmology at the boundary of de Sitter using the dS/QFT correspondence

Mafalda Dias

Astronomy Centre, University of Sussex, Brighton BN1 9QH, United Kingdom

(Dated: April 4, 2011)

Using the dS/QFT correspondence in the context of inflation allows for the study of interesting,
otherwise inaccessible physics. In particular, by studying inflation via its dual field theory at the
boundary of the de Sitter space, it may be possible to study a regime of strongly coupled gravity
at early times. The purpose of this work is to completely express cosmological observables in terms
of the free parameters of a dual field theory and to compare them with CMB data. In this way,
constraints on the observational parameters constrains the validity of the strongly coupled inflation
picture by imposing limits on the parameters of the field theory. The fit with data defines a limit
for the consistency and validity of the approach taken and shows that, within this limit, the model
is almost unconstrained, but quite predictive, producing power spectra of density perturbations
extremely near scale invariance.

PACS numbers: 98.80.-k

I. INTRODUCTION

One of the most interesting ideas that emerged from
string theory is the AdS/CFT correspondence [1–3]. This
states that a theory with gravity in a D-dimensional anti
de Sitter space is dual to, and can be described by, a con-
formal field theory that lives in the (D-1)-dimensional
boundary of this space. Furthermore, this holographic
duality is weak/strong, meaning that when the theory
with gravity is in a strongly coupled regime, its dual
field theory will be in a weakly coupled one, and vice-
versa. This is an extremely curious and powerful cor-
respondence. The idea initially came to light from the
study of the large N limit of SU(N) theories. It turns
out that in this limit, SU(N) theories behave like string
theories one dimension higher, with a coupling constant
of 1/N (see for example Ref. [4]). String theory con-
tains gravity, so the large N limit connects SU(N) field
theories with gravity. A concrete realisation of this con-
nection was made explicit by Maldacena for the case of
the perturbative type IIB string theory in a AdS5 × S5

space with N branes. Such theory, in the near boundary
limit and for large N , is dual to a N = 4 SU(N) super-
Yang-Mills field theory that lives in the boundary of the
AdS space [1–3].

In fact, this idea of holography is known outside the
scope of string theories. The study of black hole ther-
modynamics shows that the entropy, and so the degrees
of freedom, of a theory with gravity acting on a space Γ
needs to be proportional to the area of the boundary of
Γ. In the case of field theories, though, the degrees of
freedom are proportional to the volume of the space on
which they act. This can be understood in a holographic
way: a theory with gravity has its degrees of freedom on
the boundary of Γ and so there will be a dual field theory
that acts on this boundary that has the same degrees of
freedom. The dual field theory of the boundary can then
describe all the physics of Γ (for detailed discussion, see
Ref. [5]). That this idea, based on simple concepts like

thermodynamics, fits so perfectly well with the duality
realised in string theory shows an amazing consistency of
such principles.

Although the exact correspondence is only known for
type IIB string theories in 5 dimensional AdS space, one
can expect that this correspondence exists for any theory
of gravity in AdS space [6]. In fact, one can construct a
dictionary that relates correlation functions of theories in
the D-dimensional AdS bulk with their dual correlators
in the boundary field theory [2]. Furthermore, given that
AdS spaces are related to dS spaces by a double Wick
rotation, one can hope to be able to extend this dictio-
nary to dS/QFT correspondences [7–11]. In this form,
holographic principles can be applied to cosmology, since
inflation behaves like a quasi de Sitter space.

In this paper, our intention is to study inflation in the
light of these duality ideas. It seems almost irresistible
to undertake this task. If there is a field theory dual
to cosmological inflation, and if there is a dictionary that
relates correlation functions of both, it is in principle pos-
sible to evaluate correlators associated with cosmological
observables in the bulk and boundary. The comparison
of these with observations can be a powerful consistency
check of the dS/QFT correspondence.

Beside the conceptual interest that a holographic study
of inflation can bring, the duality also opens the door to
useful computational techniques. In particular, some cor-
relation functions like the bi-spectrum or tri-spectrum of
the density perturbations can be easier to evaluate in the
boundary dual field theory than in the full bulk cosmol-
ogy. The evaluation of such parameters is increasingly
necessary with the advent of new data from missions like
Planck, and there has been a lot of work done in this
direction [7, 8, 12].

On the other hand, as mentioned, the duality is
weak/strong. In practical terms, for particle physics, this
is one of the most useful characteristics of holography,
since it provides an approach to otherwise analytically
inaccessible physics. A theory in a regime where per-
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turbative analysis is not possible is unveiled via its dual
theory, which is itself in a weakly coupled regime and can
then be treated analytically.

In this paper, we want to make use of this feature of
holography for cosmology, by computing all observables
on the boundary of the inflationary de Sitter space, in
the same way as Ref. [12–14]. Assuming that the bound-
ary field theory can be treated perturbatively, we impose
that the bulk theory during inflation cannot be described
by a perturbed FRW background since it is in a regime
where gravity is strongly coupled. This sort of physics
was impossible to constrain without using dS/QFT tech-
niques, but by comparing observational parameters with
data, we can define limits to the viability of this scenario.
This is the main goal of the current work.

II. DS/QFT CORRESPONDENCE AND
COSMOLOGY

A. dS/QFT dictionary

The idea that a correspondence between a theory of
gravity in a de Sitter space and a field theory at its
boundary should exist is an extension of the known cor-
respondence in anti de Sitter spaces. The duality in the
case of an anti de Sitter space is only realised completely
for the very particular case of type IIB string theory in
a AdS5 × S5 background [1], however it is possible that
this correspondence may hold more generally [6]. The
extrapolation to de Sitter spaces is founded on the fact
that de Sitter and anti de Sitter spaces are related by
a double Wick rotation of the radial and time coordi-
nates, however there is no guarantee that such a rotation
holds for the boundary theory as well [15]. The corre-
spondence that will be used is weaker and was presented
for the first time in Ref. [8]. What is stated is that there
is a correspondence between bulk and boundary that is
expressed via correlation functions of a theory of gravity
of the bulk and a field theory at the boundary (this is
used in, for example, Ref. [7, 9–11]). This is equivalent
to the approach of Ref. [12–14], where the Wick rotation
is interpreted as an analytical continuation between an
anti de Sitter space and its de Sitter domain wall. In this
case, all computations regarding the correspondence are
done between AdS/QFT and the results are brought to
the domain wall case by applying this continuation.

To briefly understand how the correspondence works,
let us consider a de Sitter space with a single massless
scalar field. The de Sitter metric can be written as:

ds2 = a2(η)[−dη2 + δijdx
idxj ] (1)

where η is the conformal time defined as η =
∫

dt/a(t)
and the scale factor behaves as a = eHt = −(Hη)−1. The
far past corresponds to t → −∞ and η → −∞, whereas
the far future corresponds to t→ +∞ and η → 0−. The
boundary of the de Sitter space, ∂dS, where we expect
the dual field theory to live, coincides with this far future.

The presence of the scalar field, which respects the field
equation

φ̈+ 3Hφ̇ = −dV
dφ

. (2)

breaks the de Sitter symmetries, but at ∂dS the metric
is asymptotically de Sitter and V is negligible. So, near
the boundary, the solution to this equation has the form
(as can be seen by looking at powers of η)

φ ∼ φ̂e0Ht + φ̄e−3Ht. (3)

Asymptotically, in ∂dS, the solution is just φ ∼ φ̂. How
can we relate this bulk theory to a field theory in ∂dS?
The dS/CFT correspondence [8, 16] states that the wave
function of the bulk gravity theory as it approaches the
boundary is given by the partition function of the bound-
ary dual field theory:

ΨdS = ZQFT [φ∂dS] (4)

The wave function, provided that the bulk curvature is
sufficiently small, can be evaluated from the action of the
classical solution at the boundary. Such an action will

then be a functional of φ̂ which implies that the partition
function of the field theory should be a functional of the

same φ̂. The partition function is a generating function
of the field theory, i.e., a functional of sources from which

correlators can be computed. So, one can identify φ̂ as
a source for an operator O of the dual field theory [2].
Then this operator O is dual to the scalar field φ.

ZQFT [φ̂] =
〈

exp

(
∫

δdS

d3x Oφ̂
)

〉

QFT
≃ eiS[φ̂] (5)

Correlation functions of O can be obtained by taking
the derivative of the partition function in terms of the
source and setting it to zero, as usual.

〈O(x1)...O(xn)〉 =
δnZ[φ̂]

δφ̂(x1)...δφ̂(xn)

∣

∣

∣

∣

∣

φ̂=0

(6)

These two expressions define a dictionary between cor-
relators of φ from the bulk and O from the boundary. As
an example, the 2-point function for the single scalar field
is [8, 11]

〈φ(k1)φ(k2)〉 = − 1

2Re〈O(k1)O(k2)〉
(7)

Going back to expression (3), it makes sense that φ̂
should be related to deformations of the boundary field

theory via the operator φ̂O. In fact, the solution φ ∼ φ̂,
as one approaches ∂dS, doesn’t decay, which means that
it corresponds to an infinite energy excitation of the bulk
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wave function. This can be seen as a deformation of the
gravitational background, in accordance with its inter-
pretation for the dual field theory. In the same way, one
can identify the meaning of φ̄. It is associated with a
solution that decays as one approaches ∂dS, i.e., a nor-
malisable solution and so finite energy excitation of the
bulk gravity. It can then be connected to a finite energy
excitation of the dual operator O on the boundary the-
ory, in other words its VEV. In fact, it can be shown that
φ̄ is directly related to 〈O〉 [2]; it is generally referred as
the response.

B. Cosmological observables

In this work, we are interested in studying inflation us-
ing the dS/QFT correspondence by computing cosmolog-
ical observables and comparing them with observations.
In the case of the present work, by cosmological observ-
ables we mean the power spectrum of scalar and tensor
perturbations from which we can compute parameters
directly comparable with observations, like the spectral
index ns, ratio of tensor to scalar fluctuations r, and
the running of the spectral index. In this subsection we
present the quantities we aim to compute with the holo-
graphic dictionary. We follow the notation from Ref. [13].

Linearly perturbing the metric (1), we can see that
the fluctuations can be defined by two functions, ζ and
γij . ζ represents curvature perturbations on comoving
hypersurfaces whereas γij is associated to tensor modes of
the fluctuations. Since the correlation functions are going
to be evaluated far outside the horizon (at the future
boundary) one can expect them, even if they are not
constant after horizon crossing, to approach a constant
late-time solution. In the light of this argument, the
power spectra can be written as:

∆2
S =

k3

2π2
〈ζ(k)ζ(−k)〉 =

k3

2π2
|ζk(0)|2 (8)

∆2
T =

k3

2π2
〈γij(k)γij(−k)〉 =

2k3

π2
|γk(0)|2 (9)

where ζk(0) and γk(0) are the constant late-time values
of the functions, and k the wavenumber of the pertur-
bations. Applying the canonical commutation relations,
it is possible to normalise the mode functions, obtaining
this way the Wronskian conditions

i = ζkΠ
ζ∗
k − Πζ

kζ
∗

k (10)

i/2 = γkΠ
γ∗
k − Πγ

kγ
∗

k (11)

where Πζ
k = −2M2

Pla
3ζ̇kḢ/H

2 and Πγ
k = (1/4)M2

Pla
3γ̇k,

with M−2
Pl = 8πG and ~ set to unity.

We can rewrite the power spectra in a more convenient
way for the computations ahead by defining the linear
response functions E and Ω:

Πζ
k = Ωζk Πγ

k = Eγk. (12)

Inserting these definitions in the Wronskian conditions,
we have the power spectra

∆2
S =

−k3

4π2ImΩk(0)
(13)

∆2
T =

−k3

2π2ImEk(0)
(14)

C. dS/QFT dictionary for cosmological observables

Since the aim is to compute the power spectra of met-
ric perturbations, it makes sense that instead of working
with the 2-point function of the inflaton field, we should
work straightaway with the correlation functions of these
perturbations. Just as in subsection II.A, in this subsec-
tion a dictionary linking perturbations with their dual
operator is presented. The procedure is identical, start-
ing with the study of the asymptotic behaviour of the
metric near ∂dS [13]:

ds2 = a2(η)[−dη2 + gijdx
idxj ] (15)

where

gij ∼ ĝij + ḡije
−3Ht. (16)

In this case, for the same reasons as in the scalar field
analysis, ĝij and ḡij can be identified as a source and a
response, respectively. But in this case, what is O the
dual operator associated with the perturbations in the
metric? It can be shown [17] that in fact:

〈Tij〉 = −3M2
Pl

2
ḡij (17)

where Tij is the stress-energy tensor of the dual QFT at
the boundary ∂dS. The response ḡij , as expected, is di-
rectly related to the 1-point function of the dual operator
Tij ; the power spectra will then be related to the 2-point
correlation function of this Tij .

In the same way that perturbations in the metric and
the inflaton field are related, so Tij and O need to be
related by the Einstein equations. Perturbing Tij to first
order in the operator O gives:

δ〈Tij〉 = −
∫

d3y
√

ĝ

(

1

2
〈Tij(x)Tkl(y)〉δĝkl+ (18)

〈Tij(x)O(y)〉δφ̂(y)
)

.

It is helpful to re-express 〈Tij(k)Tkl(−k)〉 in terms of pro-
jection operators, in this way:

〈Tij(k)Tkl(−k)〉 = A(k)Πijkl +B(k)πijπkl (19)

where

Πijkl =
1

2
(πikπlj + πilπkj − πijπkl) (20)

πij = δij −
kikj
k2
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Perturbing explicitly the left-hand side of expression (18)
using (17) and matching the result with the right-hand
side, we get the relations (using the definitions of the
linear response functions E and Ω) [13]:

A(−ik) = 4Ek(0) B(−ik) =
1

4
Ωk(0) (21)

which leads to the result,

∆2
S(k) =

−k3

16π2ImB(−ik) (22)

∆2
T (k) =

−2k3

π2ImA(−ik)

with which we can match the power spectra of the metric
perturbations of the bulk with the 2-point function of
the stress-energy tensor of the boundary quantum field
theory.

III. COSMOLOGY AT THE DUAL BOUNDARY

As mentioned, a lot of work has been done applying
dS/QFT to cosmology, but since we do not know what
the boundary field theory looks like, the general approach
is to do all computations based on the bulk theory [7–11].
The bulk theory in this case is just standard inflation,
and all holographic analysis of the dual theory needs to
be done in such a way that the standard known results
of the bulk are recovered. This approach gives consis-
tency checks to the duality dictionary and can be helpful
for some computations, but it doesn’t unveil any new
physics or bring any new real knowledge on the nature
of inflation.

However, these gravity/field theory dualities are often
used in particle physics because they provide a tool for
calculations in certain physical regimes otherwise unac-
cessible analytically, because of their weak/strong nature.
This just means that when the bulk theory is in a strongly
coupled regime, the dual boundary theory is in a weakly
coupled one and vice-versa. If one tries to analyze cos-
mology from its dual boundary theory using perturbative
analysis, or in other words, assuming that it is weakly
coupled, one is then studying correspondingly a regime
where bulk gravity is strongly coupled. This would mean
that at a very early stage, the universe couldn’t be de-
scribed by the usual geometric picture of fluctuations in
the background metric, but information from it can still
be computed via the dynamics of its dual field theory.
This is the proposal of Ref. [12–14] and is the approach
that is intended to be taken in this work. By compar-
ing the power spectra computed from the dual QFT with
observational data, we wish to put some constraints on
this scenario.

Clearly, such a non-geometric phase had to end
smoothly, giving rise to the standard Big Bang picture,
where the description of a FRW geometry with inhomo-
geneities holds. These perturbations of the metric can

be observed and measured. One important question that
such an approach needs to consider is then whether or
not this transition is possible and reasonable. The end
of the strongly coupled regime of the bulk cosmology
is equivalent to the end of inflation, so one can see
this problem as an analogous to the reheating in the
standard scenario. It is not yet known how to make
this connection between the non-geometric phase to
the subsequent hot Big Bang evolution. In this paper,
it is assumed that ζ and γ are conserved through the
transition, so that their correlations are set during
the non-geometric era and can be computed using the
boundary theory.

A clear challenge for the study of cosmology from the
boundary is, as said, that the dual field theory is not
known. In fact, it might not even exist since the Wick ro-
tation between dS and AdS spaces might not hold for the
boundaries [15]; the duality for the de Sitter case relates
correlation functions via the dS/QFT dictionary. A way
to go around this problem is to consider that the rotation
that relates dS with AdS is an analytical continuation of
some variables and that it can be applied as well to cor-
relation functions of the dual boundary theories [12–14].
In this way, assuming that there is a QFT dual to the
AdS space corresponding by analytical continuation to
the dS cosmology, one can make all computations with
this theory. The correlation functions dual to the cos-
mology are then obtained by applying the continuation
to the functions from this QFT.

The correct analytic continuation relating dS with AdS
can be expressed through the change of variables [13]:

N2 = −N̄2 k = −ik̄ (23)

where barred quantities are AdS dual, and unbarred are
dS dual; N is the rank of the field theory. But the ques-
tion remains: what is this QFT? If we take an ad-hoc very
general theory, allowing for a wide range of fields, we can
hope that comparison with observations can impose seri-
ous constraints and give an insight on how the real QFT
looks. So, by constraining the field content and coupling
constant we hope to have constraints on the scenario of
strongly coupled gravity at early times. The chosen ad-

hoc theory is a 3-dimensional SU(N̄) Yang-Mills theory,
coupled to scalars and fermions all transforming in the
adjoint representation. Yang-Mills theories are the proto-
type theories arising from AdS/CFT computations. The
action of such theory looks like:

S =
1

g2
YM

∫

d3x tr

[

1

2
FI

ijF
Iij +

1

2
(DφJ)2 +

1

2
(DχK)2

(24)

+ ψ̄L 6DψL + λM1M2M3M4
ΦM1ΦM2ΦM3ΦM4+

µαβML1L2
ΦMψL1

α ψL2

β

]

where there are NA gauge fields AI(I = 1, ...,NA) asso-
ciated with the field strength Fij , Nφ minimal scalars
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φJ(J = 1, ...,Nφ), Nχ conformal scalars χK(K =
1, ...,Nχ) and Nψ fermions ψL(L = 1, ...,Nψ). ΦM rep-
resents the interaction term between minimal and con-
formal scalars ΦM = ({φJ}, {χK}). In three dimensions,
the coupling g2

YMhas dimensions of energy. The stress-
energy tensor looks like [13]:

Tij =
1

g2
YM

tr
[

2FI
ikF

Ik
j + Diφ

JDjφ
J + Diχ

KDjχ
K (25)

− 1

8
DiDj(χ

K)2 +
1

2
ψ̄Lγ(i

↔

Dj) ψ
L

− δij

(

1

2
F IklF

Ikl +
1

2
(DφJ)2 +

1

2
(DχK)2 − 1

8
D2(χK)2

+λM1M2M3M4
ΦM1ΦM2ΦM3ΦM4 + µαβML1L2

ΦMψL1

α ψL2

β

)]

Now it is only required to compute the 2-point function
of this Tij . Working perturbatively, the leading contribu-
tion to this comes from 1-loop diagrams. In this case, it is
necessary to sum over contributions of all fields and per-
mutations, each diagram having a contribution of order
∼ N̄2k̄3. This yields to the result [13]:

A(k̄) = CAN̄
2k̄3 (26)

B(k̄) = CBN̄
2k̄3

where

CA = (NA + Nφ + Nχ + 2Nψ)/256 (27)

CB = (NA + Nφ)/256

The first approximation to the power spectra is obtained
by substituting these expressions in (22). In terms of
unbarred variables:

∆2
S(k) =

1

16π2N2CB
+O(g2

YM(k∗)/k) (28)

∆2
T (k) =

2

π2N2CA
+O(g2

YM(k∗)/k).

Deviations from scale invariance arise from the correc-
tion of 2-loop diagrams. After renormalization at scale
k̄∗, these 2-loop diagrams contribute with a factor ∼
N̄3g2

YM(k∗)k̄2 ln(k̄/k̄∗) [13]. Collecting 1- and 2-loop con-
tributions, the power spectra (expressed in unbarred vari-
ables) look like [13]:

∆2
S(k) =

1

16π2N2CB

[

1 −DBg
2
YM(k∗)

N

k
ln

k

k∗

+O(g4
YM(k∗)N2/k2)

]

(29)

∆2
T (k) =

2

π2N2CA

[

1 −DAg
2
YM(k∗)

N

k
ln

k

k∗

+O(g4
YM(k∗)N2/k2)

]

where gYM(k∗) refers to the coupling evaluated at the
renormalisation point, and DA and DB are constants
that depend on the field content, analogous to CA and
CB . In this case, |DA| and |DB | are naturally of order

unity [13]. A better way to understand the scale k∗ in
this scenario is by reading it as the scale at which infra-
red effects become important for the power spectrum.

We can identify the dimensionless effective cou-
pling constant of the perturbative expansion: g2

eff =
g2
YM(k∗)N/k. As k gets smaller, g2

eff increases until it gets
of order ∼ 1/ ln(k/k∗) at which point the 2-loop correc-
tions become important and scale invariance is broken.

IV. COMPARISON WITH OBSERVATIONS

The main objective of this work is to constrain the sce-
nario developed in section III. This is achieved by con-
straining the free parameters in the expressions for the
scalar and tensor power spectra of perturbations (29),
which are the field content, encoded in the constants
CA, CB , DA and DB and the choice of scale k∗ together
with the value of the effective coupling constant geff re-
lated to this k∗. We use CosmoMC [18] to fit these ex-
pressions with WMAP 7 year release data [19]. For this
purpose, it is useful to re-express them as:

∆2
S(k) = ∆2

S(k0)

[

1 + S
k0

k
eα

(

ln
k

k0
− α

)

+O(g4
eff)

]

(30)

∆2
T (k) = ∆2

S(k0) r

[

1 + T
k0

k
eα

(

ln
k

k0
− α

)

+O(g4
eff)

]

where S and T are constants, S = −DBg
2
YM(k∗)N/k∗

and T = −DAg
2
YM(k∗)N/k∗. The scale k∗ has been

rewritten as k∗ = k0e
α, where k0 is the pivot scale at

which the power spectra are compared with the data. In
this form, α represents a shift in the coordinate ln(k/k0).
The pre-factors ∆2

S(k0) and ∆2
T (k0) = ∆2

S(k0) r are the
amplitudes of scalar and tensor perturbations, respec-
tively, evaluated at the pivot scale.

A first consistency check can be made at this point,
regarding the assumption of the large N limit. In fact,
from the COBE normalisation, ∆2

S(k0) ∼ 10−9, leading
to N

√
CB ∼ 2500, which can only be justified by a large

value of N , as was assumed.
As mentioned, these functions are both highly variable

with k, mainly due to the 1/k behaviour in expression
(30), which comes from the running of geff . This means
that for sufficiently small values of k, scale invariance will
break and they will present large tilts and runnings of the
tilts. The deviation from scale invariance is highly con-
strained by observations so comparison with data should
impose strong limits on the power spectra.

For the simplest case where the scale k∗ matches the
pivot scale, i.e. if α = 0, for a given pivot scale, the
constant S completely defines the shape of the scalar
power spectrum and therefore the deviation from scale
invariance at this pivot scale. In fact, in this case
S = ns0 − 1+O(g4

eff(k0)), the spectral index at the pivot
scale.
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Of course that this matching between scales has no
physical meaning. The pivot scale k0 is just a scale used
for practical reasons for data fitting whereas k∗ is the
scale at which IR effects become non negligible, i.e., a
parameter of the power spectra, and so a free parameter
in CosmoMC. In this case, for simplicity, α is the free
parameter.

Since α corresponds to a shift in the coordinate
log(k/k0) , allowing for α 6= 0 can be viewed as allowing
for a shift of the full power spectrum with respect to the
pivot scale. If α > 0 one can see the power spectrum,
and its features of scale invariance breaking, stretching
towards larger values of k. If α < 0, these features are
squished towards smaller values of k. The spectral index
at the pivot scale has the more general form:

(ns0 − 1) =
d ln ∆2

S(k)

d ln k

∣

∣

∣

∣

k=k0

(31)

=
Seα(1 + α)

1 − Seαα
+O(g4

eff(k0)) (32)

Another consistency check needs to be made, regarding
the choice of perturbative analysis in the dual theory.
Since |DB | ∼ 1,

g2
eff(k0) ≃

∣

∣

∣

∣

ns0 − 1

1 + α+ α(ns0 − 1)

∣

∣

∣

∣

(33)

It is then necessary to check that this expression is always
small for all values of k and α probed by observations.
This will be analyzed shortly.

The running of the spectral index can be expressed as
a combination of the spectral index itself.

running =
d(ns − 1)

d ln k

∣

∣

∣

∣

k=k0

(34)

= −2(ns0 − 1) − (ns0 − 1)2 +
Seαα

1 + Seα
+O(g4

eff(k0))

It is important to mention that if S and T are positive,
the power spectra become negative for sufficiently small
k. This is related to the error in O(g2

eff ∼ k−2). In
our case, as will be seen, this presents no problem since
the regime where the power spectra becomes negative
naturally corresponds to scales much larger than can be
studied by the CMB.

The tensor to scalar ratio, r, can be used to obtain a
constraint on the field content. In this case,

r =
∆2
T (k0)

∆2
S(k0)

=
NA + Nφ

NA + Nφ + Nχ + 2Nψ

(35)

We made the comparison with data for two different
pivot scales, k = 0.05Mpc−1 and k = 0.002Mpc−1 to
probe different regions of the power spectra.

For k = 0.05Mpc−1 and α = 0 we find that the data
forces the power spectrum of density perturbations to

n
s

n
ru

n

0.999 1 1.001

−2

0

2

x 10
−3

n
s

r

0.999 1 1.001
0

0.1

0.2

0.3

0.4

0.5

n
run

r

−2 0 2

x 10
−3

0

0.1

0.2

0.3

0.4

0.5

FIG. 1: Best-fit parameters for the pivot scale k0 =
0.05Mpc−1, when α = 0. The contours show the 68% and
95% confidence limits, for ns0, the running nrun and tensor to
scalar ratio r. The fit was done for WMAP 7 data alone [19].

be extremely flat, figure 1. For k = 0.002Mpc−1 and
α = 0 we can see that this pivot scale is already near the
regime where scale invariance breaks, with a preference
for positive (ns0 − 1), figure 2. It is known, from the
standard WMAP analysis using a Taylor expansion
type of density power spectrum, that the data has a
slight preference for ns0 < 1 at k = 0.05Mpc−1 [19].
With the present power spectrum, because of the large
running, a small deviance from scale invariance at this
scale, would mean a strong disagreement with data at
lower values of k. In figure 3 this effect is shown. The
dashed and dotted (blue and red) lines correspond to
the case of α = 0. The dashed line (blue) shows ∆2

S(k)

for the best fit parameters at k0 = 0.002Mpc−1; it is
easy to see how flat it needs to be to agree with data.
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FIG. 2: Best-fit parameters for the pivot scale k0 =
0.002Mpc−1, when α = 0. As in figure 1, the contours show
the 68% and 95% confidence limits, for ns0, the running nrun

and tensor to scalar ratio r.

The dotted line (red) shows how ∆2
S(k) would look if

ns0 − 1 = −0.001 at k0 = 0.05Mpc−1; it is possible to
see how the strong running destroys the fitting with data.

When α is allowed to be non-zero, data forces it to
always have negative values, as can be seen in figures 4
and 5. As mentioned, this has the effect of shifting the
break of scale invariance features towards lower values of
k. The best-fit is obtained for α ∼ −1.4. In this case,
the effect of α is such that, for the appropriate value of
S, the power spectrum can be chosen to fit some small
negative tilt preferred by data at almost all scales, as
well as the low value for the quadrupole. This is shown
by the black lines in figure 3; in this figure only the best
likelihood curves are plotted. At k = 0.05Mpc−1 the

10
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10
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1.8
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log k

!
S
 2

 ,
 k

0
=

0
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0
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FIG. 3: Power spectrum of scalar perturbations. The dashed
(blue) line represents the best fit curve for the model with α =
0, with k0 = 0.002Mpc−1. The dotted (red) line shows how
the power spectrum with α = 0 would look like if it presented
(ns0−1) = −0.001 at k0 = 0.005Mpc−1; the features at low k

are in disagreement with data. The black lines represent the
best fit curves for the model with α 6= 0 for k0 = 0.002Mpc−1.

power spectrum is still extremely near scale invariance.
The best-fit remains the same when α is allowed to take

a wider range of negative values, as can be seen in figure
5. However, all possible negative values of α are allowed
by the data. In the case of very negative α, the features
in the power spectrum are pushed towards values of k
smaller than the quadrupole, and so unconstrained by
data, relaxing the allowed values of ns0, even if keeping
it extremely small for small scales, as can be seen for
the case of k0 = 0.05Mpc−1 in figure 6. These solutions
for the power spectrum fit the data even if with lower
likelihood than the best-fit.

In terms of the meaning of k∗, these results just
say that data is in agreement with any value for the
scale at which IR corrections become important in the
perturbative analysis, provided that this is equal or
smaller than the wavenumbers probed by the CMB.

At this stage it is possible to try to constrain the field
content of the dual boundary theory. As seen, the field
content is directly related to the tensor to scalar ratio.
Since, as can be seen in figures 4 and 5, r . 0.5 at 95%
confidence level,

NA + Nφ . Nχ + 2Nψ (36)

which is far from being a strong constraint on the field
content. However, future experiments such as Planck,
may impose considerably stronger limits on the value of
r. In that case, since the allowed field content is very
sensitive to r, this relation might become much more
interesting. For example, a stronger upper limit, would
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FIG. 4: Best-fit parameters for the pivot scale k0 =
0.002Mpc−1 with α in the range [-2, 2]. Contours and data
as in figures 1 and 2.

mean that a nearly symmetric field content is excluded
by data.

It is now necessary to check that the value of g2
eff(k0)

is always small for the scales of interest of the CMB, as
was assumed by making the perturbative expansion on
the boundary field theory.

For small scales, or large values of k, the power spec-
trum is always very flat and so |ns0 − 1| is very small.
This is the case for k larger than k = 0.002Mpc−1; at this
particular scale the value of |ns0 − 1| is always small and
takes a maximum value of ∼ 0.1. For these scales, expres-
sion (33) can only become critically large around α ∼ −1.
As can be seen in figure 4 and figure 5, data forces ns0−1
to be extremely close to zero around α ∼ −1; the ques-
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FIG. 5: Best-fit parameters for the pivot scale k0 =
0.002Mpc−1 with α in the range [-4, 4]. Contours and data
as in figures 1 and 2.

tion is if, in fact, ns0 − 1 decreases faster around this
point than 1 + α+ (ns0 − 1)α.

As can be seen in figure 7, interestingly, the maximum
value that g2

eff(k = 0.002) can take at each α is indepen-
dent of α. The slope of the 95% confidence level around
α = −1 is approximately constant. For this scale, g2

eff can
take a maximum value of 0.1, which is barely in agree-
ment with the perturbative treatment at the boundary.
In this figure, it isn’t clear that ns0 actually converges
to 1 for α = −1 but that actually happens; any broad-
ening of the contours is related to the smoothing of the
plotting.

This behaviour around α = −1 occurs for every scale,
and for k > 0.002Mpc−1 the maximum value that g2

eff is
allowed to take is even smaller and so more comfortably
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FIG. 6: Best-fit parameters for the pivot scale k0 =
0.05Mpc−1 with α in the range [-2, 2]. Contours and data
as in figures 1 and 2.

in agreement with the perturbative calculations.

For smaller values of k problems arise. The CMB
data probes scales up to ∼ 10−3Mpc−1 and in fact, for
models for which g2

eff(k = 0.002Mpc−1) ∼ 0.1, g2
eff(k =

0.0002Mpc−1) ∼ 0.1 × 10 = 1. This is in disagree-
ment with the loop perturbative treatment since, in this
case, the 3-loop and higher corrections would be of the
same order of magnitude as the 2-loop one. Clearly, at
these scales, the calculations at 2-loop order are insuf-
ficient. Then, there is a limit for the validity of the

n
s

!

0.98 0.99 1 1.01 1.02

−1.2

−1.15

−1.1

−1.05

−1

−0.95

−0.9

−0.85

−0.8

FIG. 7: Best-fit parameters for the pivot scale k0 =
0.002Mpc−1 with α in the range [-1.2, -0.98]. Contours and
data as in figures 1 and 2.

studied power spectra, that can be identified to be at
∼ k = 0.002Mpc−1; for smaller k, higher corrections
should be taken into account.

Data from very large scales, like the quadrupole, can
not be used to probe this model, as constructed in this
work. So, for the range of scales where the model is
valid, it can be concluded the data fits the parameters to
an almost scale invariant density power spectrum, with a
maximum tilt of |ns0 − 1| ∼ 0.1 at k0min = 0.002Mpc−1.

V. CONCLUSIONS

The aim of this work was to constrain the scenario
of a strongly coupled gravity at early times by studying
the cosmological inflation in the dS/QFT framework and
fitting it with data.

The dS/QFT correspondence relates correlation func-
tions of a bulk inflation theory with some dual correlation
functions of a field theory at the boundary of the de Sitter
inflationary space. This duality is such that if the bulk
theory is strongly coupled, the boundary one is weakly
coupled and vice versa. The idea developed in this paper
is to study the dynamics of inflation in its dual boundary
theory, assuming a perturbative treatment to be valid. In
this case, the bulk gravity theory is strongly coupled and
cannot be described by geometrical fluctuations of the
background metric. The observed power spectra of met-
ric perturbations can then be expressed in terms of the
dynamics of the boundary field theory.

Since the field theory dual to 4-D de Sitter spaces is un-
known, an ad-hoc Yang-Mills theory with a large freedom
of parameters was introduced. The strategy was, by com-
puting and comparing the power spectra with WMAP 7
year release data, to constrain the space of possible pa-
rameters and in this way constrain the whole scenario of
strongly coupled gravity at early times.

The correlation functions used were corrected up to
the 2-loop order. The fit with CMB data allowed us
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to identify the regime of validity of such a truncation.
It turns out that the resulting power spectra are only
valid to describe perturbations for the CMB scales with
k & 0.002Mpc−1.

For this range of scales, it can be concluded that the
model is barely constrainable at present, but that it is
nevertheless quite predictive.

In terms of observable parameters, the results showed
that for large k the power spectra need to be very flat. In
particular, the spectral index of the density power spec-
trum for the pivot scale k0 = 0.005Mpc−1 needs to be
within |ns0 − 1| . 0.002, with a preference for nega-
tive ns0. As k decreases, the interval of allowed val-
ues that ns0 can take is relaxed and, for example for
k0 = 0.002Mpc−1, |ns0 − 1| . 0.1.

The tensor to scalar ratio is constrained to be . 0.5.
In terms of the free parameters of the model, these re-

sults represent almost no information. The field content
needs to respect the not very restrictive relation

NA + Nφ . Nχ + 2Nψ (37)

and the scale k∗ can be any, provided that it is of the

same order or smaller than the wavenumbers probed
by observations of the CMB. However, much more
interesting constraints on the field content are expected
from the comparison with data from future experiments
like Planck, for which stronger limits on the value of r
are forecasted.

This model, however, presents a strong conceptual
problem regarding the transition from the strongly cou-
pled gravity theory at early times to the weakly coupled
hot Big Bang. In other words, there is the lack of a
satisfactory mechanism to end inflation. The connection
between these two different phases of evolution remains
an important open question.
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