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Intermediate inflation in light of the three-year WMAP observations
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The three-year observations from the Wilkinson Microwave Anisotropy Probe have been hailed as
giving the first clear indication of a spectral index ns < 1. We point out that the data are equally
well explained by retaining the assumption ns = 1 and allowing the tensor-to-scalar ratio r to be
non-zero. The combination ns = 1 and r > 0 is given (within the slow-roll approximation) by a

version of the intermediate inflation model with expansion rate H(t) ∝ t−1/3. We assess the status
of this model in light of the WMAP3 data.

PACS numbers: 98.80.-k astro-ph/0610807

I. INTRODUCTION

The most striking result from the three-year Wilkin-
son Microwave Anisotropy Probe (WMAP) observations
[1] is the pressure that they impose on the Harrison–
Zel’dovich spectrum of density perturbations, for which
adiabatic perturbations have the scale-invariant spectral
index ns = 1. This spectrum was first proposed by Harri-
son [2] and Zel’dovich [3] because it has metric potential
perturbations of the same amplitude on all scales. This
allows small perturbation theory to hold on large and
small scales, and would also allow primordial black-hole
formation to occur over a wide range of mass scales if
the amplitude of fluctuations was sufficiently large [4].
Harrison–Zel’dovich spectra arise in pure de Sitter infla-
tionary universe models, but they have also been shown
to arise from different non-inflationary cosmological sit-
uations [5].

The simplest versions of inflation, in which a finite pe-
riod of de Sitter-like inflationary expansion occurs, natu-
rally create such a spectrum of fluctuations because the
dynamics have no preferred moment of time in de Sitter
spacetime: an irregularity spectrum with identical met-
ric perturbations on each scale respects this invariance.
However, there are many variants of inflation for which
the expansion dynamics are not of de Sitter form, and
they predict different spectra of fluctuations; hence it is
important to determine which (if any) of them are con-
sistent with the current observational data. If adiabatic
density perturbations are the only perturbations present,
then the original WMAP3 parameter-estimation analy-
sis suggested that the Harrison–Zel’dovich spectrum is
excluded at quite high significance [1]. This significance
has been reduced by re-analysis of the inflationary con-
straints by the WMAP team (available at Ref. [6]), from
the viewpoint of the more sophisticated statistical ap-
proach of model selection [7], and by recent papers high-
lighting possible systematic effects [8], but it is never-
theless timely to explore possible interpretations of these
data.

The conclusion that ns = 1 is disfavoured by the data
is restricted to the case where adiabatic scalar pertur-

bations are the only ones present. The best-motivated
generalization is the inclusion of tensor perturbations,
which are predicted to be present at some level by in-
flation, and parametrized by the tensor-to-scalar ratio r.
This is explored in some detail by the WMAP team [1],
and in subsequent papers [9], with the conclusion that
ns ≥ 1 is readily allowed provided that the value of r is
significantly non-zero.

In this Brief Report, we analyze a particular class of
inflationary models which give this behaviour, the inter-

mediate inflation model discussed in Refs. [10, 11, 12].
This was originally introduced as an exact inflationary
solution for a particular scalar field potential, but is per-
haps best-motivated as the slow-roll solution to poten-
tials which are asymptotically of inverse power-law type,
V ∝ φ−β . This type of potential is in common use in
quintessence models [13], but it also gives viable inflation-
ary solutions, although with this precise potential form
inflation is everlasting and a mechanism has to be intro-
duced to bring inflation to an end. It also arises in a
range of scalar–tensor gravity theories [14].

As shown by Barrow and Liddle [15], the intermediate
inflationary model, in the slow-roll approximation, gives
ns = 1 to first order provided β = 2 (see also Ref. [16] for
a more extensive discussion of the inflationary generation
of the Harrison–Zel’dovich spectrum, and Ref. [17] for the
construction of exact potentials giving nS = 1 without
slow-roll approximation). In this case, r depends signifi-
cantly on scale, falling in value with time and hence be-
coming smaller on shorter length-scales. There will be an
observable effect provided inflation ends swiftly enough,
so that r was still important at the horizon crossing of
observable perturbations. More generally, if β 6= 2, the
spectral index may exhibit running, approaching unity at
late times; see also the review of this situation in Ref. [9].

II. PREDICTIONS OF THE MODEL

A generalization of the intermediate inflation model
[10] used in the earlier study of Ref. [15] has an expansion
scale factor given by (with appropriate choice of time
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coordinate)

a(t) = exp
(

Atf + Bt
)

, (1)

0 < f < 1, A > 0, B ≥ 0, constants .

This is an exact solution of the Friedmann equations
(8πG = c = ~ = 1) for a flat universe containing a scalar
field φ(t) with potential V (φ), where

φ = φ0 +

[

8A(1 − f)

f

]1/2

tf/2 , (2)

V (φ) = 3

{

B + Af

[

f

8A(1 − f)

](f−1)/f

(φ − φ0)
2(f−1)/f

}2

− Af(1 − f)

[

f

8A(1 − f)

](f−2)/f

(φ − φ0)
2(f−2)/f . (3)

It can be obtained using the solution-generating method
of Ref. [18]. Without loss of generality φ0 can be taken to
be zero. We will now specialise to the pure intermediate
inflationary model of Refs. [10, 15] with B = 0 and A > 0.

In the slow-roll approximation with B = 0, the first
term on the RHS of Eq. (3) dominates V at large φ, and
we have

φ = (2Aβtf )1/2 where β ≡ 4(f−1 − 1) ; (4)

V (φ) =
48A2

(β + 4)2
(2Aβ)β/2φ−β , (5)

as the scalar field rolls down a power-law potential. The
first two slow-roll parameters are then given, in the
Hamilton–Jacobi formalism [19], by

ǫ =
β2

2φ2
, η = β

(

1 +
β

2

)

1

φ2
. (6)

So, the condition for inflation to occur (ǫ < 1) is only
satisfied when φ2 > β2/2.

A. First-order considerations

In order to confront this model with observations, we
need to consider the contribution of the scalar and ten-
sor perturbations which can be represented by ns and r,
respectively. They are expressed in terms of the slow-roll
parameters to first order by [20]

ns = 1 − 4ǫ + 2η = 1 −
β(β − 2)

φ2
(7)

r = 16ǫ =
8β2

φ2
(8)

We clearly see that ns = 1 and r > 0 is possible, pro-
vided β = 2. This is the case where η = 2ε. We see
that an exact scale-invariant spectrum can be obtained
to leading order in slow-roll by both the de Sitter ex-
pansion, i.e. with a(t) = exp(H0t) and H0 constant, and
by the special intermediate inflationary dynamics with
a(t) = exp(At2/3).
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FIG. 1: Trajectories for different values of the parameter β in
the ns–r plane, to first-order in slow roll. From left to right
β = 4, 2, 1. The two contours correspond to the 68% and
95% levels of confidence. The observational data is from the
WMAP analysis at Ref. [6], which updates that of version 1
of Ref. [1]. The observational dataset used is WMAP alone,
applied to the lcdm+tens model (without spectral index run-
ning).

Returning to the general case (0 < f < 1), this model
can be compared with observations, shown in Fig. 1. The
relation between the scalar and tensor perturbations is

ns = 1 −
β − 2

8β
r. (9)

On one hand, we see that β > 2 is well supported by the
data, while on the other, we see that β < 2 allows ns > 1,
but becomes rapidly disfavoured when β approaches 1.

In order for our comparison of the intermediate infla-
tionary model’s predictions with the observations to be
complete, we must also consider the time spent by the
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field in the region of the ns–r plane allowed by the data.
The number of e-foldings between two different values φ1

and φ2 of the scalar field is given by [15]

N(φ1, φ2) =
1

2β
(φ2

2 − φ2
1) . (10)

If we assume that inflation begins at the earliest possible
stage, that is at φ2

1 = β2/2, then Eqs. (7) and (8) can
be re-expressed in terms of the number of e-foldings, Nb,
which have passed since the beginning of the inflationary
period:

ns = 1 −
2β − 4

4Nb + β
, (11)

r =
16β

4Nb + β
. (12)

If we consider a Harrison–Zel’dovich model (β = 2) with
the inclusion of gravitational waves, then we see in Fig. 1
that the curve r = r(ns) enters the 95% confidence region
for r = 0.66 which corresponds to Nb ≃ 12. Since the
point (ns = 1, r = 0) lies just inside the two-dimensional
95% confidence contour, the model is viable for all larger
values of Nb.

B. Second-order corrections

Next, we show that the second-order corrections to our
analysis at first-order in slow roll are small, and can be
neglected to a very good approximation. Generalizing
Eq. (7) in terms of the slow-roll parameters to second-
order, we have [20, 21]

ns−1 = 2η−4ǫ− [8(1+C)ǫ2−(6+10C)ǫη+2Cξ2], (13)

with C = −0.73 a known numerical constant, and
ξ2(φ) ≡ ǫη − (2ǫ)1/2 dη/dφ. Putting β = 2 (so that we
have ns = 1 exactly to first order) in the above expres-
sion, we get the second-order correction to the spectral
index:

ns − 1 = 4ǫ2. (14)

Finally, knowing that r = 16ǫ + O(ǫ2), we obtain to sec-
ond order that

ns − 1 =
r2

64
. (15)

The above calculation, which uses the exact solution,
corresponds to the full potential Eq. (3). While in the
full slow-roll approximation this gives the same result as
the single power-law model, Eq. (5), at second-order the
potentials yield different results. A similar calculation to
the above, but using the V -slow-roll approximation [19],
shows that the denominator 64 is modified to 384/7 in
that case.

Observations [1] constrain r to be less than 0.65 (at
95% confidence). So, for either potential, this extra con-
tribution in the case with β = 2 is quite negligible once
the field enters the region allowed by the data.

C. The running of the spectral index

The running of the spectral index in inflationary mod-
els is given, to lowest order in slow-roll, by [20]

dns

d ln k
= −8ǫ2 + 10ǫη − 2ξ2 =

2β2(β − 2)

φ4
. (16)

Moreover, to lowest order ns − 1 = −β(β − 2)φ−2, which
allows us to rewrite this relation as

dns

d ln k
=

2

β − 2
(ns − 1)2. (17)

We can deduce from this relation that β = 2 implies no
running of the spectral index to first-order, which was
already obvious from the comment following Eq. (7).

Models with β > 2 feature positive running, which
the WMAP3 data disfavor [1, 6]. However, within the
allowed region the predicted running is very small (for
example, it is always less than 0.001 for the β = 4 case),
and it would be premature to claim that the running
constraint adds any value to the ns–r constraints for these
models.

III. CONCLUSIONS

The intermediate inflation model is a viable example
of a model with ns = 1 which is permitted by the obser-
vational data, due to the non-zero tensor contribution.
In this model, r is scale-dependent, and we have shown
that a good fit to the WMAP3 observations is possible
provided observable scales crossed outside the horizon
at least 12 e-foldings after the earliest possible starting-
point for inflation. Arranging this requires that whatever
mechanism is introduced to bring inflation to an end does
so with φ > 14 in reduced Planck units, considering that
a minimum of perhaps 50 e-foldings is required to push
the perturbations to observable scales [20].

This model serves as a useful phenomenological illus-
tration, in the light of WMAP3 data, of a type of simple
slowly-rolling scalar field evolution that does not display
pure de Sitter inflationary expansion, but can still pro-
duce a Harrison–Zel’dovich spectrum.

For the more general intermediate inflation case with
β 6= 2, observations constrain β to be greater than
about one, unless we are in the regime very close to the
Harrison–Zel’dovich limit. Constraints from running do
not presently add extra information.
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