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In this note we prove that quantum gravitational corrections to vacuum solutions of Einstein’s equations 
vanish at second order in curvature.
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Exact solutions, and in particular vacuum solutions, play an 
important role in general relativity, see e.g. [1]. Using effective the-
ory techniques, we prove in this note that quantum gravitational 
corrections to vacuum solutions of Einstein’s equations vanish at 
second order in curvature.

Deriving an effective action for quantum gravity requires start-
ing from general relativity and integrating out fluctuations of the 
graviton and of any matter fields that are irrelevant for the prob-
lem under consideration. Doing so, see e.g. [2] for a recent review, 
one obtains a classical effective action given at second order in 
curvature by:

Slocal =
∫

d4x
√−g

[
1

2
M2

PR+ c1R2 + c2RμνRμν + c4�R
]

,

(1)

for the local part and for the non-local part by

SN L =
∫

d4x
√−g

[
−b1R log

�
μ2

1

R− b2Rμν log
�
μ2

2

Rμν

− b3Rμνρσ log
�
μ2

3

Rμνρσ

]
, (2)

where R, Rμν and Rμνρσ are respectively the Ricci scalar, the 
Ricci tensor and the Riemann tensor. The scales μi are renormal-
ization scales. The term �R is a total derivative and thus does 
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not contribute to the equation of motions. The effective action is 
a derivative expansion since the Ricci scalar, Ricci tensor and Rie-
mann tensor contain two derivatives of the metric. However, as 
the invariant terms are constructed using the Ricci scalar, the Ricci 
tensor and the Riemann tensor, it also corresponds to a curvature 
expansion. In this approach the terms curvature expansion and 
derivative expansion are thus used interchangeably. The expan-
sion of the effective action here is analogous to that done in the 
case of chiral perturbation theory. The non-local action is obtained 
by integrating out massless fluctuations. One could also integrate 
out massive fields, which would generate operators of the type 
Rm4�−1R (see e.g. [3]), where m is the mass, at the second order 
in the derivative expansion. We are restricting our considerations 
to massless fields such as the graviton, but the generalization to 
massive fields is straightforward.

This effective action is obtained by quantizing general relativ-
ity directly. It is well known that this quantum field theory is 
not renormalizable, but as argued by Donoghue years ago [4] this 
is not an issue as it simply means that new measurements are 
needed order by order in the curvature/derivative expansion of the 
effective action to determine the Wilson coefficients that are not 
calculable due to the non-renormalizability of quantized general 
relativity. However, this does not mean that predictions are not 
possible as the Wilson coefficients of the non-local operators such 
as the log � terms considered here are calculable. Their values are 
given by the number of massless fields that are integrated out. 
In that sense, any ultra-violet complete theory of quantum gravity 
that has general relativity in its low energy regime (which obvi-
ously applies to string theory), will be described by this effective 
action. Obviously fields specific to a given ultra-violet completion 
such as e.g. the Kaluza–Klein modes of the graviton would have to 
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be included. The effective theory approach is thus a useful frame-
work to consider quantum gravitational corrections to Einstein’s 
theory of general relativity when considering physics at energies 
below the Planck scale.

Our aim is to study quantum gravitational corrections to Ein-
stein’s field equations. In particular, we are interested in vacuum 
solutions such as black hole solutions. It is well known that the 
variation of the local part of the action does not lead to any cor-
rection at second order in curvature as the variations with respect 
to the metric of the two second order terms in curvature are pro-
portional to either R or Rμν which both vanish in vacuum. We can 
thus focus on the non-local part of the action. Varying this part of 
the action we find:

δSN L

δgαβ
= δ

δgαβ

[∫
d4x

√−g

[
−b1R log

�
μ2

1

R

− b2Rμν log
�
μ2

2

Rμν − b3Rμνρσ log
�
μ2

3

Rμνρσ

]]
. (3)

At this stage we need to specify how to apply the log(�/μ2) on 
the different terms in the non-local action. This differential opera-
tor can be defined in terms of an integral representation:

log
�
μ2

=
∞∫

0

ds

(
1

μ2 + s
− 1

� + s

)
. (4)

It has been shown [5,6] that the variation δ/δgαβ log(�/μ2) leads 
to terms in the field equations that are higher order than two 
in curvature. We can thus safely ignore this variation as we are 
considering corrections to the field equations to second order in 
curvature. Using the integral representation of the log, we can now 
calculate:
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= 1
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)
, (5)

which is valid to second order in curvature. We used a Taylor 
series expansion for the fraction containing the �-operator. It is 
then easy to see that the deviation from the distributivity property 
involves derivative terms which imply terms of higher curvature 
than two. Another way to see this is to realize that the log �/μ2

operator stands for a non-local function L(x, y, μ) (see e.g. [7]) 
which could be calculated, for example, using a Riemann normal 
coordinates expansion [8], in which propagators are expanded in 
powers of the curvature/derivative. However, since the action at 
second order in curvature is by definition quadratic in the curva-
ture, we can drop any derivative term appearing in L(x, y, μ) at 
this order in curvature and safely commute the Riemann tensors 
with the log �/μ2 operator at second order in curvature.

As long as we restrict our considerations to second order cor-
rections in curvature we can simplify the right-hand side further 
(passing metrics to lower and raise indices past the log operator 
will simply generate higher order derivative terms), we get

log
�
μ2

(
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)
= Rμνρσ log

�
μ2

(
Rμνρσ

)
. (6)

We can now express RμνρσRμνρσ in terms of the standard 
Gauss–Bonnet identity and find:
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�
2
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�
2
R, (7)
μ μ
which is the non-local version of the Gauss–Bonnet identity which 
is however only valid to second order in curvature. The variation 
of the non-local part action thus becomes:
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It is straightforward to see that all these terms are either propor-
tional to R or Rμν which both vanish in vacuum.

We have thus shown that there are no second order quantum 
gravitational corrections to vacuum solutions. This applies to all 
vacuum solutions in general relativity, e.g. black hole solutions. 
This proof confirms the results obtained for the Schwarzschild so-
lution in [7]. Note that while this previous result was obtained 
by doing a lengthy calculation, the proof presented here is rather 
short and completely generic.

A corollary to our result is that the effective action for quantum 
gravity at second order in curvature can be written as

S =
∫

d4x
√−g

(
1

2
M2

PR+ c1R2 + c2RμνRμν

− b̄1R log
�
μ2

1

R− b̄2Rμν log
�
μ2

2

Rμν

)
, (9)

with b̄1 = b1 − b3 and b̄2 = b2 + 4b3 when ignoring topological 
terms. It implies that in quantum general relativity, there are just 
four independent Wilson coefficients at second order in curvature. 
We remind the reader that while the ci cannot be predicted from 
first principles, the bi can be calculated in a model independent 
manner, see e.g. [5]. In this compact form, it is easy to identify di-
rectly from the action the masses of the massive spin-2 and spin-0 
fields present in the action [9].

Let us finally emphasize that our result by no means implies 
that there are no new intrinsic solutions to higher-derivative grav-
ity. Such solutions do exist as shown by Lu et al. in [10], we simply 
find that there are no quantum gravitational corrections to vacuum 
solutions of general relativity at second order in curvature.

Acknowledgements

The work of XC is supported in part by the Science and Tech-
nology Facilities Council (grant number ST/P000819/1). XC is very 
grateful to MITP for their generous hospitality during the academic 
year 2017/2018.

References

[1] H. Stephani, D. Kramer, M.A.H. MacCallum, C. Hoenselaers, E. Herlt, Exact Solu-
tions of Einstein’s Field Equations, Cambridge University Press, 2003, 701 pp.

[2] J.F. Donoghue, M.M. Ivanov, A. Shkerin, arXiv:1702 .00319 [hep -th].
[3] A. Codello, R.K. Jain, Class. Quantum Gravity 33 (22) (2016) 225006, https://

doi .org /10 .1088 /0264 -9381 /33 /22 /225006, arXiv:1507.06308 [gr-qc].
[4] J.F. Donoghue, Phys. Rev. Lett. 72 (1994) 2996, https://doi .org /10 .1103 /

PhysRevLett .72 .2996, arXiv:gr-qc /9310024.
[5] J.F. Donoghue, B.K. El-Menoufi, Phys. Rev. D 89 (10) (2014) 104062, https://

doi .org /10 .1103 /PhysRevD .89 .104062, arXiv:1402 .3252 [gr-qc].

http://refhub.elsevier.com/S0370-2693(18)30811-6/bib5374657068616E693A32303033746Ds1
http://refhub.elsevier.com/S0370-2693(18)30811-6/bib5374657068616E693A32303033746Ds1
http://refhub.elsevier.com/S0370-2693(18)30811-6/bib446F6E6F676875653A3230313770676Bs1
https://doi.org/10.1088/0264-9381/33/22/225006
https://doi.org/10.1103/PhysRevLett.72.2996
https://doi.org/10.1103/PhysRevD.89.104062
https://doi.org/10.1088/0264-9381/33/22/225006
https://doi.org/10.1103/PhysRevLett.72.2996
https://doi.org/10.1103/PhysRevD.89.104062


38 X. Calmet / Physics Letters B 787 (2018) 36–38
[6] A. Codello, R.K. Jain, Class. Quantum Gravity 34 (3) (2017) 035015, https://
doi .org /10 .1088 /1361 -6382 /aa549d, arXiv:1507.07829 [astro -ph .CO].

[7] X. Calmet, B.K. El-Menoufi, Eur. Phys. J. C 77 (4) (2017) 243, https://doi .org /10 .
1140 /epjc /s10052 -017 -4802 -0, arXiv:1704 .00261 [hep -th].

[8] N.D. Birrell, P.C.W. Davies, Quantum Fields in Curved Space, Cambridge Univer-
sity Press, Cambridge, 1982.
[9] X. Calmet, Mod. Phys. Lett. A 29 (38) (2014) 1450204, https://doi .org /10 .1142 /
S0217732314502046, arXiv:1410 .2807 [hep -th].

[10] H. Lu, A. Perkins, C.N. Pope, K.S. Stelle, Phys. Rev. Lett. 114 (17) (2015) 171601, 
https://doi .org /10 .1103 /PhysRevLett .114 .171601, arXiv:1502 .01028 [hep -th].

https://doi.org/10.1088/1361-6382/aa549d
https://doi.org/10.1140/epjc/s10052-017-4802-0
http://refhub.elsevier.com/S0370-2693(18)30811-6/bib4244s1
http://refhub.elsevier.com/S0370-2693(18)30811-6/bib4244s1
https://doi.org/10.1142/S0217732314502046
https://doi.org/10.1103/PhysRevLett.114.171601
https://doi.org/10.1088/1361-6382/aa549d
https://doi.org/10.1140/epjc/s10052-017-4802-0
https://doi.org/10.1142/S0217732314502046

	Vanishing of quantum gravitational corrections to vacuum solutions of general relativity at second order in curvature
	Acknowledgements
	References


